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Generalized Solutions of Biquaternionic Form of Maxwell Equations for
Moving Ball and Spherical Emitters

Alexeyeva L.A"@and G.N. Aziz*
Joldashekov Institute of Mechanics and Engineering, Almaty, Kazakhstan

Abstract: Transport solutions of the biquaternion wave equation, which is a biquaternion generalization of
Maxwell's equations describing the electro-gravimagnetic (EGM) fields of EGM wave emitters are constructed
which are moving in a certain direction with a constant speed that is less than the speed of light. Fundamental and
generalized transport solutions of the biwave equation for describing the fields of moving EGM wave emitters
are constructed using the theory of generalized functions. The Green bifunction is constructed which describes
the field of a concentrated charge-mass, and its energy-momentum biquaternion is investigated. Biquaternions of
the EGM field strength of moving spherical and ball emitters are constructed. Use the obtained results to study
the electromagnetic fields of various EM emitters and radio wave emitters located on moving objects (trains, cars,
ships, etc.).
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1. Introduction

n the works [1-4] one biquaternionic model of the electro-gravimagnetic field and EGM interactions has been

developed. It is based on biquaternion generalizations of the systems of Maxwell and Dirac equations, which
have the form of biquaternion wave equations on the Minkowski space [5-7]. It is known that these equations of
quantum mechanics are used to describe elementary particles, spinors and spinor fields [8-12]. Here, transport
solutions of the biquaternion wave equation are constructed and studied, which is a biquaternion generalization
of Maxwell's equations and describes the electro-gravimagnetic fields of emitters of electro-gravimagnetic waves
moving with a constant speed in a fixed direction. Fundamental and generalized transport solutions are constructed
that describe the fields of moving objects with speeds less than the propagation speed of electromagnetic waves
in the medium. Since the algebra of biquaternions is not very well known, we will first give several definitions so
as not to refer the reader to [1]. Here we use the representation of biquaternions in the form proposed by Hamilton
[6], which is very clear and convenient for physical applications.

2. Biquaternions algebra
At first, we give some definitions of biquaternions algebra because it is almost unknown. Biquaternions space

B ={F = f + F} is the space of hyper complex numbers, where f is a complex number, F is a 3D vector with

3
complex components: F = Z Fie, ; ,8,,€;are the unit vectors of Cartesian coordinate system in R*, ¢, =1. B
j=1

is a linear space with the addition: for any complex number a,b
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aF+bG =a(f +F)+b(g+G) = (af +bg)+(aF +bG),
and the operation of quaternion multiplication (o ):
FoG=(f+F)o(g+G)=(fg—(F,G))+(fG+gF +[F,G])- D)

3 3
Here and further (FaG)ZZFjGj is scalar production F and G, [F,G]ngjH FiCye is their vector
[ 1=
production, € is Levi-Civita pseudo tensor, 5, is Kronecker symbol. The algebra of biquaternions is non-

commutative because

FoG—-GoF =2[G,F] butit’s associative:
FoGoH=(FoG)oH=Fo(GoH) @

Properties of biquaternions and many definitions considered in [1]. Let us list some of them.

Biquaternions commute, i.e. FeG =G o, only if their vector parts are parallel GLF , or at least one of them
is equal to a scalar.

Definition 1. Scalar multiplication of biquaternions F,F, is the bilinear operation: (F,F,) = f;f, +(F,F,).

Definition 2. A norm of a biquaternion F is equal to ||F| = \/(F F)= \/f F+(FF)=yf F+|F|°

Definition 3. A pseudodonorm of a biquaternion F is equal to (F)=/f - f —(F,F)=[|f - |F?

3. Bigradients and biwave equations
We consider the functional space B(M) ={F(z,x) = f (z,X)+ F(z,x)} of biquaternions (Bgs). Here f(z,x)
is a complex-valued functions on Minkowski space M ={(r =ct,x),z e R, xeR®}, F(z,x) is three-

dimensional vector function with complex components (F = F +iF,); f and F from the class of generalized
functions of slow growth [13].

Definition 4. Mutual bigradients are differential biquaternion operators of the form: V' =9 +iv,

V= =0, -iV, whereV =grad = (0;,0,,05). Their action on B(M) is defined according to the quaternion
multiplication:

VEF = (0, £iV)o(f +F) = (8, f Fi(V,F)+iVf +8,F £i[V,F].

Here (V,F)=divF, [V,F]=rotF (everywhere in double signs the upper or lower signs are implied).
Their superposition has a remarkable property that is easy to prove.

Lemmal. Composition of mutual bigradients is commutative and equal to
V (V'F)=V"(VF)=(V V' )F<IF, ©)

2

0 . .
where [J= — —A isthe wave operator, A is the Laplace operator

T
Using this lemma, it is easy to solve differential biquaternionic wave equation (biwave Eq):
V A=0(r,X). 4)

Its solutions and invariance properties under Poincare-Lorentz transformations discussed in detail in [4, 14].
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It has been shown [1, 6, 11, 12] that this equation is a biquaternion generalization of Maxwell equations if

A=a++JeE +iuH, @(r,x):—(%ﬂ%j. (5)
& U

Here E(z,X),H(z,x) are the vectors of electric and magnetic intensity of electromagnetic (EM) field, j*, j"
are the density of electric and magnetic currents, &, u are the electrical conductivity and magnetic permeability

of the medium, c =1/ /g,u is the light speed in a medium. Whena =0, j* =0 Eq (5) is equivalent to the system
of eight Maxwell equations. Here we consider transport solutions of Eq (4) without these restrictions.

4. Transport biwave equation and its general solution

Let us consider the case when the right side of (4) has the form:

O(z,x) =F(x,X,,2), z=%,—Mr. (6)

Here is F(X,z) describes the movement of the emitter in the direction of the axis Xswith the speed v=Mc. There
are three possible cases: subluminal M <1< v<c, luminal M =1 v=c, superluminal M >1<v>c,
which change the type of this equation the type of its solutions.

Let us introduce a moving coordinate system (x,,x,,z) and construct solution (4) in a similar form A =B(x,z)
, X=(%,%,), then 6_=-vo,, V=(9,,0,,0,) and in the moving coordinate system Eq(4) is transformed to the
form:

M, B =F(x,z), @)
M, 0 -Mo, +i(3,,0,,0,) . We name this equation the transport Maxwell equation (TME).
Lemma2 follows from Lemma 1.
Lemma 2. The composition of mutual transport Maxwell operators is commutative and equal to
MEMF = —{A2 +1-M 2)azz} ,
where A, =87 + 03 - two-dimensional Laplacian.

By using this lemma, we prove the next theorem.

Theorem 1. The general solution of MTE can be represented in form
B(x,z):BO(x,z)—Mfo(F(x,z)*l//(x,z)), (8)

where B°(x, z) is the solution of the homogeneous equation (8) (at F=0), w(x,z) is the fundamental solution
of the transport wave equation:
Ay + 1120,y +6(2)5(x) =0, ©)

where #? =1-M?, &(...) is singular delta-function.

Proof. Let's substitute it into equation (8) and, using the conditions of the theorem, lemma 2, the
associativity property of quaternion multiplication and the properties of convolution with the delta function, we
obtain the required:
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M; o{B° =M o(F#y )} =MJB° —M; oM o(F i) ={A, + 11’0, |y *F = 5(2)5(X) xF = F

It remains to calculate the scalar potential y(x,z) . Its form depends on the sign % =1—v?:

if M<1l = 4° >0, ifM=1= 4° =0, if M>1= u? <0.
Here we construct a solution of TME in subluminal case at M<1.

5. Sublight transport solutions of Maxwell's equation
In this case, to construct the original, we use the fundamental solution of the Laplace equation:
AU +6(y)=0, y=(Y,,Y,.Ys), which has the form [13]:

__1 10
VO = wo

Let us designate z'=z/ . Because

2y + 05y + 1202y + (X, 2) = 0= &2y + O3y + 02y + 6(X)5(2") =0,
then
1

y(X,2) = —F—=s,
47[422 +(yl’)2

Theorem 2. The general solution of transport Maxwell equation (7) at subluminal speeds can be represented as

r=|x.

B(x,z) =M, (F*y(x,2))+M, (w,(x,2) *C(x,2)) (11)

where scalar potentials are defined by the following formulas:
! (12)

y(X2) = —F——,
472'1122 +(yr)2

wo(x,z) is a solution of a homogeneous equation
Agyro + 420,00 =0, (13)

wo =Wwo(X,z/ u) is a harmonic function, C(x,z)is an arbitrary biquaternion that admits convolution with
w(x2).

When differentiating, one should use the property of differentiation of the convolution in formula (14), which
allows one to transfer differentiation to a more convenient component of the convolution, considering

2
P . HMX k12 (14)

W == ' ak‘// )
A (2% + (ur)?)® Ax (ZZ+(,ur)2)3

Figure 1 shows a graph of the change in potential along the z-axis depending on the Mach numbers.
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Figure-1 Change y(x,z) along the Z axis at fixed x= (1,1) at different Mach numbers: M=0.02, 0.1, 0.5,
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Figure-2 Change y(x,z) along the r at fixed z=1 by different Mach numbers: M=0.02, 0.1, 0.5, 0.9.

6. Green bifunction and generalized solutions of transport Maxwell equation

Definition 6. Green bifunction U(x, z) is the fundamental solution of the equation (7):

MU = 8(x)5(2), (15)

which satisfies the attenuation conditions at infinity:
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AAJ.11.2106-2469

[Ux,2)| >0 at|(x,z)]|—>c. (16)
Bifunction FU(x,z) describe EGM field of a moving concentrated charge (electron or positron, accurate to the
sign). Bifunction iU(x,z) describes EGM field of a moving material point which mass is equal to 1.

It is convenient to use Green bifunction for construction the solutions of Eq (7).
From Theorem 1 we get its form;

Mz +i(elry,, pr,,,2) X;

r,=— a7
A2 + (ur)?)’

U(x,2) = M; *y(X,2) =

J

Theorem 3. General solution of TME (7) at subluminal speeds of motion, satisfying the attenuation conditions
atinfinity: B(x,z) -0, ||(X,z)||— e, has the form of biquaternionic convolution:

B(x,z) =U(x,z)*F(x,2) (18)
The solution exists for any F(X, z) that allow such a convolution.

Proof.
M, B(X,2) =M, o (U*F(x,2)) =(M;U)*F(x,2) = 5(x)5(2) *F(x,2) = F(,2) .

If F(X,2) isaregular biquaternion, then formula (18) can be represented in the following integral form:

B(x,2)=U*F(x,2) = [ d[[UGc-y.2-0) o F(y, Oy, (19)

If F(x,z) is asimple layer on the surface S: F(X,z) = C(X, 2)J (X, Z) then
B(x,2) = U*C(x,2)5;(x,2) = [U(x—y,2=¢) o C(y,£)dS(v,<) - (20)

Here the integral over the surface S.

If F(X,2)is a simple layer on a curve L: F(X,z) =C(X,2)d, (X, z) then formula (18) is the integral along the
curve L:
B(x,2) = U*C(x,2)5,(x,2) = [U(x~-y,2-¢) o C(y,{)AL(Y.S) - (21)
L
Here the integral over the curved line L.
The densities of all layers must be integrable functions on the layer support.

If F(X,2) is essentially singular, for example has a point support, then the convolution in (17) should be taken
according to the rules of convolution in the space of generalized functions.

7. Energy density and Pointing vector of the electromagnetic field of moving concentrated charge

The energy-momentum biquaternion X(X, z) is equal to




Acceleron Aerospace Journal || AAJ.11.2106-2469
Volume 3, Issue 6, pp (704-713)
E-ISSN- 2583-9942

X(x,2) = 0,5B(x, ) o B (X, 2) = W(X, 2) +iP(X, 2) =0,5{(b(x,2),b(x,2)) +(B(x,2), B(x,2)) |+

+0,5{6 (x,2)B(x,2) ~b(x, 2)B(x,2) - B(x, 2), B(x, z)]}.

Here w(x, z), P(x, z) is the energy density and the analogue of the Pointing vector, which shows the direction of
its propagation.
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Figure-3 Energy density w(x,z) along Z-axis by x = (1,1): M=0.08, 0.1, 0.2, 0.5.
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Figure-4 Norm of the Pointing vector at different Mach numbers: M=0.08, 0.1, 0.2, 0.5.

AAJ 3-6 (2024) 704-713 7



AAJ.11.2106-2469

We define the energy-momentum biquaternion of the EM field of the Green bifunction:

2, (x,2) =0,5U(x,2) o U (x,2) = (—M aa—‘/z’+ igrad y/j o(—M ‘2—‘;’— igrad y/j,
(1)

2
W:o,5[M2(a_‘/’j +||grad1//||2} P=M grady 2V
oz oz

Using (17) and (21) we calculate the energy density and Pointing vector:

W(X,Z)Zl{(M2+l)(a_‘//)2+[6_wj2J{a_y/jz}: ZZ(|\2/|Z:_1)+/U42I'Z
2 oz %, %, 3272° (2" + (ur))

" Mz]y/z% + u'r?
P(X, Z)Zm(ﬂzxﬁ + 17X, +ze3), "P(X’Z)":m

At figure 3 we see the change in energy density w(x,z) along Z-axis by x = (1,1) at different Mach numbers.

There are two density maxima behind and ahead of the moving density source, near it, as the distance from the
source increases, the energy density quickly fades. With decreasing speed of movement, the maxima increase,
become sharper and approach the emitter. The Pointing vector has a similar behavior.

As an example, we will construct here biquaternions of moving spherical and ball emitters and their fields.

8. The intensity of the electro-gravimagnetic field of moving spherical emitter

Biquaternion of moving spherical emitters is a simple layer on the sphere S, with radius b:

F(x,z) =0(x,2)5 (b —|x|) . (22)
The intensity of its EGM field is equal to
B(x,2)=U*0(x,2)5,(x,2)= [ U(x-y,2=¢)°O(y,£)dS(y,<) (23)
[y )l=b

where O(X,z)is integrable Bq on S, . It is a density of a simple layer on S, , which is defined acting charge-
currents on it. Here we construct the biquaternions of the three types of moving spherical emitters

Fl=p(x,2)6(b—||(x,2)]), F2=ddsb—|(x,2)|)[e;,(x,.2)], F2=d(x,2)s(0b—|(x.2)|)[e.. (x.2)].

Biquaternions of moving charged sphere is F1(X, z) = p(x,2)(b—||(x, 2)|) .

Bl(x,2) =U*p(x,2)5(b-|(x2))= [ p(x2)U(x-y,2-¢)dS(y.¢)
Jor D

Biquaternions of moving sphere with rotating currents around ez isF2 = J [e;, (x,2)] 5 (b —||x]) ,
B2(x,2) = U*d(x,2)[e,,(x D]SO | = [ Ulx-y,2-¢)o(d(x2)[&,.(y.£)])dS(y.<)
Iy £)=b

Biquaternions of moving sphere with rotating currents around ey is F2=d [e,,(x,z)]d(b—]x|)
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B3(x,2)=Uxd[e, (x.2)]60—[(x )= | Ux-y.2-£)e(d(xD)[e.(y.£)])dS(v.£)

(v.£)l=b
The densities of all layers must be integrable functions on the layer support.

9. The intensity of the electro-gravimagnetic field of moving ball

Biquaternion of moving ball emitters with radius b is equal to

F(x,2) =0(x, z)H (b —|x|) . (24)
The intensity of its EGM field is equal to
B(x2)=U*O(x,2)Hb-|x)= | U(x-y,2-¢)O(y,{)dV(y.{), (25)
Iy, Ol<b

where O(X, z) is a density of charge-currents biquaternion in this ball. Here we construct the biquaternions of the
three types of moving ball emitters:

Fl=pH(b-|x)), F2=d[e, (x,2)]H{O-|x|), F2=d[e.(x z)]H{bO-|x]) .
Biquaternions of moving charged ball is equal to F1(X, z) = p(x, z)d(b—| (X, 2)|) .

B(x,2) =U*p(x,2)Hb-|x 2= [ p(y.O)U(x-y,2-¢)dV(y.{).

Iv.©)li<b

Biquaternions of moving ball with rotating currents around €3 is equal to F2 = d(x, z)[e,,(x, z)]H (b—|(x, 2)[) .

B2(x,2) =U*d(x,2)[e,, (x, )][HO-(x 7)) = [ Ux=y,2=¢)o(d(y.{)[es, (v )])V (v,€)

ly.£)l<b

Biquaternions of moving ball with rotating currents around ez is equal to F2=d[e,, (x,z)]H (b—|(x, 2)])

B3(x,2) =U=d(x,2)[e, (x )]HO-[(x 2= [ Ux-y,z=¢)o(d(v,$)[e,(v.£)])V (v,¢)

Ity.$)l<b

The densities of all charge-currents are integrable functions in this ball.

10. Conclusion

If in formulas (22)-(26) we take in the form (5) when, we obtain solutions of Maxwell's equations, which
describe the electromagnetic fields of moving emitters of electromagnetic waves. For classical Maxwell's
equations, they are constructed in [14].

The obtained results be used to study the electromagnetic fields of various EM emitters and radio wave emitters
located on moving objects (trains, cars, ships, etc.).
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