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Abstract: This paper presents a comprehensive study on periodic boundary value problems (BVPs) in
thermoelastic star graphs, utilizing the method of generalized functions. The research focuses on the behavior of
rod structures subjected to thermal heating and cooling, providing a unified approach to solving various boundary
value problems relevant to practical applications. We derive integral representations of generalized solutions that
facilitate the determination of displacements, deformations, stress, temperature, and heat fluxes across each
element of the graph. The study also addresses the modeling of force and heat sources through both regular and
singular generalized functions under diverse boundary conditions. By establishing continuity and Kirchhoff
conditions at the common node of the graph, we formulate the governing equations for the amplitudes of
displacement and temperature. The findings highlight the versatility of the proposed method, which can be
extended to a wide range of network structures, distinguishing it from existing techniques. This work contributes
to the understanding of thermoelastic behavior in complex systems, with implications for engineering applications
in fields such as mechanical design, materials science, and structural analysis.
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1. Introduction

G raph theory has wide applications in subjects such as economics, logistics, sociology, optimal control, and
navigation [1-2]. The properties of graphs are also actively used to solve boundary value problems (BVPs)
on network-like structures, e.qg., oil pipelines, gas pipelines, and electrical networks [3-10]. With the development
of mechanical engineering, complex multi-link rod structures operating under various thermal conditions began
to be actively used. They are widely used in structural mechanics, mechanical engineering, robotics, and many
other fields. An urgent scientific and technical task is to study the thermally stressed state of network systems for
various purposes under dynamic and thermal influences, taking into account their thermoelastic properties under
dynamic and thermal influences, including impact types. This is necessary to analyze the strength and reliability
of such objects, determine safe operating modes, and prevent disasters. Mathematical modeling of the
thermodynamics of rod structures and the creation of information technologies based on it is one of the more
effective and inexpensive methods for researching and designing such systems. Here boundary value problems of
uncoupled thermoelasticity are considered on a star thermoelastic graph (Fig. 1), which can be used to study
various mesh structures under conditions of volume and thermal heating (cooling).
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Figure-1 Star graph

The novelty of the present work lies in the fact that a generalized function method is used to solve boundary
value problems, leading to a differential equation solution with a singular right-hand side [11]. The solution is
constructed as the convolution of the Green’s function of the equation with the appropriate right-hand side. To
determine the unknown boundary values of the solution and its derivatives on each segment, resolving boundary
equations are constructed at the ends, employing the asymptotic properties of Green’s function and its derivative
at zero. To construct a closed system of equations, the obtained algebraic equations for each edge of the graph are
supplemented with transmission conditions at the node and linear boundary conditions at its ends. These
conditions can be either locally or not locally connected. Thus, the proposed method applies to a wide range of
BVPs, including those on mesh structures.

2. Statement of a boundary value problem on a thermoelastic star graph
We consider the periodic vibration of a thermo-elastic star graph with frequency « . This graph contains N
edges Sj= (Ao, Aj) of the length Lj (j=1,2,...,N) with a common node Ay, 0 < x < L;- Amplitudes of

wt

displacement u; (X,t) = U; (x)e ™" and temperature 0; (x,t) = 0, (x)e™'* satisfy the equations [12]:
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—12, C; is the velocity of elastic waves, p; isthe density

Here y;, x; are the thermoelastic constants, 77] =
PiC]

J

of mass, Flj (x,t) = Flj (X)efi“’t is the longitudinal component of acting periodic force in a j-th edge of the

graph; sz (x,t) = sz (x)e ™" describes the power of heat sources on it.
The thermoelastic stress in the rod is determined by Duhamel-Neumann law:

o (1) = pjciuj ., (x,1) = 7,0, (x.1) @)
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ou;
where Ujix (x,t) [ 6—1 Here we pose the following boundary value problem (BVP). Amplitudes of
X

displacements and temperature are known at the ends of the graph: forall j =1,...,N
uj (Lj.t) =wd (@)e7™,  6;(L;.t) = 0] (w)e™* . 3)

We enumerate by index 1 the point x=0 and by index 2 the point x= LJ- (X1 =0, X, = LJ- )and boundary

displacements and temperature (le (91’ ,WZJ , 6’2J ) at the ends of segments.

The following continuity conditions and generalized Kirchhoff conditions are specified in the common node Ab

of the graph:
w=w=.=w  #=6=.=06", (4)
N . N .
D Eipl =P(0), > xt =G(a) (5)
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3. Presentation of amplitudes of temperature and displacement at edges of a star graph in the space

To solve this problem we use the solutions of BVPs for the heat equation and wave equation on the segment
, which were constructed by use the General Function Method in [13-14].

The heat equation in (1) has the next form for &(x) in the space of general slow growth functions S'(R?):

2

K — =il = F) (%) +x,0} (@)5(L; =X)H () = 5,0 (@H(L; ~X)8(x) -

J aXZ

(6)
-0} (0)8'(L; —X)H(X) -, 6} (w)8'(H(L; -X)

Note that the right side of this equation includes boundary amplitude of temperature 6;(w) and heat flows
Hi (w) = qukj (w) (k=1, 2). Using the property of fundamental solution U2j (X, @) of this equation we obtain its

general solution as convolution the right part of (6) with Uzj (X, @) on every edge of graph (j=1..., N):

0, (x, @) = F) (x, @) *U] (x, @) + x;0) (@)H (U] (L; — %, )

. | . | )
—qulj (@)H (L, —x)U3 (X, a))—/(J-HZ(ao)H(X)UZJ w (Lj =% @) — ;6 (0)H (L —X)UJ,, (X, 0);
UJ (x, 0) = Sm;(j_lxl Kj =(@+i) |-

The wave equation for displacement in (1) has the next form forG(x) in S'(R?):
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0, +oi! =7,

(01 Bl (@) +c? {wlj ()3 '(X) — W] ()8 (x— L,.)}+
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12 {((p! (@) =76/ ()) 500 (P (@) - 70} (@) ) 5(x - L)
Note that the right side of this equation includes boundary amplitude of displacements ij (w) and their derivatives
pkj (w) (k=1, 2). Using the property of fundamental solution Ulj (x, @) of this equation we obtain its general

solution as convolution the right part of (8) with Ulj (x, ) on every edge of graph (j=1..., N):

uj (X, @) H (Lj =x)H(x) =PI (x,@) ¢ p} (@)H (L; = X)U; (x, ) -
—c2w) (@)H (Lj —X)Uy , (X, )+ pJ (@)H (U, (L; — X, @) + (9)

+¢5wy (@)H ()Uy . (Lj =X, @)
where,

Ulj (X, 0) =—

1 . 0]
sm(/lj |x|) 2 (@) =—; (10)
Cj ¢
4. Solution of BVP on the heat star graphs
If the boundary functions are known: Bl! (@) = (WlJ ,plowl, pl ) B2 (w) = (Hlj o), 6),q) ),then formulas

(7) and (9) determine the temperature and displacement on each edge of the graph. From equations (7) and (9),
by limiting to the ends of the edges, boundary equations are obtained that connect the boundary values of
displacements, temperature, and their derivatives [13-14].

We have the equations of connection boundary temperature at S; edges and their derivatives of the thermal graph
[12]:

A2} (0)xB2) (») = F2) (w), (12)
sink; L;)
1 0 —cos(k;L;)
A2) () = ECh
- sin(k;L;) '
—cos(k;Lj) - k-(a)) 1 0
i

F2j(a))=2(F2j Uil Feu)
X x=0 X

2 x_ij-

The resolving system of equations for the Dirichlet boundary value problem on a thermal star graph with N edges
has the form:

A2(w)-B2(w) =F(w), (12)

where

B2(w) = (B2;,B2,,...,B2y ), F2(a))={F21,...,F2N;Tl,...,TN;O,...,O;G(a))}, TI=0,(L))
—

N-1
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Here the matrices have the following dimensions: [A2]4NX4N ,[BZ(a))]4NX1,[F2(a))]4NX1. The first 2N lines

along the diagonal A2 contain connection matrices for each edge of this graph A2; . The remaining elements

are zero.

The next N-1 rows of the matrix A2 contain the continuity conditions (4).. The last row of the matrix contains
the Kirchhoff condition (5), at the node Ao of the star graph. The solution to algebraic equations (10) has the
form:

B2(w) = A2 xF2(w) . (13)

After determining the unknown edge and nodal functions B2(w) , using formulas (6) we determine the temperature
on any edge of the graph. (j=1..., N).

The boundary value problem on the thermal graph has been solved.

11. Solution of BVP on the elastic star graphs

There are next equations of connection boundary temperature at S;jedges of elastic graph [13, 14]:

Al xBl! =Cl! (w), (14)
1 0 —cos(4;L;) M
Al (w) = . ,
—sin(4: L;)
—cos(4L;) —— 0
ﬂj (@)

F1! () :—2[(51 -710:0;)=vi| . (R -7,0:6, )tqu:L j (@) =wlc;.

X=

The resolving system of equations for the Dirichlet boundary value problem on an elastic star graph with N edges
has the form:

Al(w)-Bl(w) =F(w), (15)
Where,
Bl(w) = (BL,Bl,, ..., Bly ),

Fl(w) :{Fll,...,FlN .d*,...,dN;0,...,0; P(a))}.
N-1

d*=u; (L)
Here the matrices have the following dimensions: [Al], .,  [BL®)], . s [FU@)], \q - The first 2N lines along

the diagonal A1 contain the connection matrices Al; for each edge of this graph. The remaining elements are

zero.  The next N-1 rows of the matrix ALl contain the continuity conditions (4),. The last row of the matrix
contains the Kirchhoff condition (5). at the node Ao.
The solution to algebraic equations (15) has the form:

Bl(w) = A1 x Fl(w) .
(16)
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After determining the unknown boundary and nodal functions Bl(w), using formulas (7), we determine the
temperature on any edge of the graph.

The boundary value problem on the elastic graph has been solved.

12. Conclusion

The method of generalized functions is used to solve boundary value problems of thermoelasticity on a star
graph, which can be used to study various rod structures under conditions of thermal heating (cooling). A unified
technique for solving various boundary value problems typical for practical applications has been developed.The
action of force sources and heat sources can be modeled by both regular and singular generalized functions under
various boundary conditions at the ends of the graph edge. The obtained regular integral representations of
generalized solutions allow one to determine displacements, deformations, stress, temperature, and heat fluxes on
each element of the graph, at any point. The method of generalized functions presented here allows one to solve
a wide class of boundary value problems with local and related boundary conditions at the ends of the graph edges
and various transfer conditions in its node and can be extended to network structures of various types. This
distinguishes this method from all others that are used to solve similar problems.

For example, it is easy to construct the solutions of BVP on the graphs like type:

Figure-2 Examples of Linear, Star, Network and Lattice Graphs
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